The error in multivariate polynomial interpolation

Carl de Boor

plenus venter / non studet libenter
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Multivariate polynomial interpolation

Setup:
e T a (finite) subset of F¥, with F equal to R or C.

39



Multivariate polynomial interpolation

Setup:
e T a (finite) subset of F¥, with F equal to R or C.
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Multivariate polynomial interpolation

Setup:
e T a (finite) subset of F¥, with F equal to R or C.
e the restriction map dp:p— (p(r):7€T) e F*

e [ a linear subspace of the space II := II(F%) of F-valued polynomials in

d variables.
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Multivariate polynomial interpolation

Setup:
e T a (finite) subset of F¥, with F equal to R or C.
e the restriction map dp:p— (p(r):7€T) e F*

e I a linear subspace of the space II := II(F%) of F-valued polynomials in

d variables.

e F'is correct for T, or, the pair (T, F') is correct if (d1)|p is invertible.
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Multivariate polynomial interpolation

Setup:
e T a (finite) subset of F¥, with F equal to R or C.
e the restriction map dp:p— (p(r):7€T) e F*

e I a linear subspace of the space II := II(F%) of F-valued polynomials in

d variables.
e F'is correct for T, or, the pair (T, F) is correct if (dr)|p is invertible.

o If (T, F) is correct, then

Pr = ((dn)| ) 'or 9= Y L g(7)

TeT

is the linear projector that each g € II with its (unique) interpolant Prg at
T in F.
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Multivariate polynomial interpolation

Setup:
e T a (finite) subset of F*, with F equal to R or C.
e the restriction map or:p— (p(r):7€T) e F?!

e I a linear subspace of the space II := II(F%) of F-valued polynomials in

d variables.
e F'is correct for T, or, the pair (T, F) is correct if (dr)|p is invertible.

e If (T, F) is correct, then

Pr = ((61)|p) 'or: g = Y Lrg(r)

€T

is the linear projector that each g € II with its (unique) interpolant Prg at
T in F.

Issue: [ — Ppf =777
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error bounds: an example
#'1 = d + 1 in general position, hence I’ = II<; is standard choice.
M := Lipschitz constant of f. (Cooper’94) On conv(T),

f=PfI=1f =) & f(T)] <) 6 |f = f(r)| < M diam(conv(T))

7T 7T

Can do better:
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error bounds: an example
#T = d + 1 in general position, hence F' = II<; is standard choice.
M := Lipschitz constant of f. (Cooper’94) On conv(T),

f=PfI=1f =) & f(T) <D 6 |f = f(r)| < M diam(conv(T))

7T 7T

Can do better:

f@) = Pf)] < ) 16(@)]|f(@) = f(n)] <MY |l()] ||« — 7]

TeT 7T

7

= ()

dB’94: p(x) < r whenever x € conv(T) C B,(¢) ( e.g., circumscribed ball).
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error bounds: an example
#T = d + 1 in general position, hence F' = II<; is standard choice.
M := Lipschitz constant of f. (Cooper’94) On conv(T),

f=Pfl=1f=>  fOI<Y Lo |f = f(7)] £ M diam(conv(T))

7T 7T

Can do better:

/() (@) < Y@ f(@) = f(n)] <MY |l()] e 7|

7T 7T

7

—: ()

dB’94: p(x) < r whenever z € conv(T) C B,(c¢) ( e.g., circumscribed ball).
Pavel Shwartzman’94: ¢(z) < /r? — ||x — ¢||? when z € conv(T) C B,(c).
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error bounds: an example
#T = d + 1 in general position, hence F' = II<; is standard choice.
M := Lipschitz constant of f. (Cooper’94) On conv(T),

[f=Pfl=1f=>  fOI <Y Lo |f = f(7)] £ M diam(conv(T))

7T 7T

Can do better:

/() (@) < Y @) |f (@) = FO) <MY |l (@)| |z — 7|

7T 7T

dB’94: p(x) < r whenever z € conv(T) C B,(c) ( e.g., circumscribed ball).
Pavel Shwartzman’94: ¢(z) < /72 — ||z — ¢||2 when = € conv(T) C B,(c).
Wlog ¢ = 0. For any x € BT(O) D conv(T), b:y— /12 —2(zy) + |z]?

is concave on B,.(0), as the (positive) squareroot of the affine map

y 12 =2(x,y) + |zl > |z -yl

hence, for z € conv(T),

=) Le(@)llz—r < Z€ 7) S b)Y Le(w)7) = blx) = /12 — [«

€T 7T
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Error in univariate polynomial interpolation

f@) = Prf(z) = [T,2)f [[(@—7)

7T

_ /M(y|T,m)D#Tf(y) dy [[—7)

7T

_. / M(y|T,2)q; (D) f(y) dy q()
= AT ]qT(D)f Q<x)
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Error in univariate polynomial interpolation

f(z) = Prf(z) = [T,2lf [](z—7)

7T

= /M (y|T, ) D*T f(y) dy HJ;—T

7T

. / M (y|T,z)q; (D) f(y)dy q(x)
— /[T ]qT(D)f Q<$)

(Genocchi-Hermite) with

/ / / / tl -I-SlAtl-I—"'—I—SnAtn) ds,, - -- dsy
[t1,-stnt1]

(with At; := t;41 — t;) called by Micchelli the divided difference functional

even when ¢ is multivariate.

e The functional is symmetric in the ¢;.

e The integral is over the set {t;1 +s1At1 4+ -+, A8, :0< s, <--- <51 <
1} = conv{ty,...,tnt+1}, i.e., the convex hull of {¢1,...,t,4+1} parametrized
as a simplex.

multivariate divided difference?
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MULTIvariate divided difference
Definition. A kth divided difference is the composition of k first divided

differences.
first divided difference: Deg(x) :=limy_o(g(z + &) — g(x))/t
! d
wuldg i= [ Degla+sly—a) ds,  wygeR
0

— ng
[z,y]
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MULTIvariate divided difference
Definition. A kth divided difference is the composition of k first divided

differences.
first divided difference: Deg(x) :=limy_o(g(z + &) — g(x)) /1
! d
w.y|€g = [ Degla+sly—a) ds,  wyeR
0

.yl 2,y |y —x] = [y] - []
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MULTIvariate divided difference
Definition. A kth divided difference is the composition of k first divided

differences.
first divided difference: Deg(x) :=limy_o(g(z + &) — g(x)) /1
' d
w.y|€g = [ Degla+sly—a) ds,  wyeR
0
[l [y |y —a] = [y] - z]

second divided difference:

z,y, 2 &g = |y, 2 | 0z, e &g

= /01 Dn(/ol Deg(z + s1(e — ) d81>(y—|—8(z—y))ds
= /O /o (DpDeg)(z+s1((y+ s(z —y)) —x)sy dsds;

- /0 /0 (DyDeg)(+ s1(y = ) + 515 (= — )1 ds

= / Dy Deg
[x,y,2]
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MULTIvariate divided difference
Definition. A kth divided difference is the composition of k first divided

differences.
first divided difference: Deg(x) :=limy_o(g(z + &) — g(x)) /1
! d
w.y|€g = [ Degla+sly—a) ds,  wyeR
0
- [ ]Dgg
o @,y ly—=] = [y — 2]
kth divided difference:
w1 [ €y kg = [T, T | SRRt 0 [ S1] o0 1,0 | &g

[ Debug
(X1, s T rg1]

.....
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MULTIvariate divided difference
Definition. A kth divided difference is the composition of k first divided

differences.
first divided difference: Deg(x) :=limy_o(g(z + &) — g(x)) /1
! d
w.y|€g = [ Degla+sly—a) ds,  wyeR
0
- [ ]Dgg
o @,y |y —a] = [y — 2]
kth divided difference:
@1, T | &0 8k0 = [k, Tt | SRl [TR—1, 0 | Ek—1] - [z1,0 | &g

[ Daus
[561 ..... .'Ek+1]

symmetric in the sites x; ; symmetric and multilinear in the directions ;.

Micchelli’78: g — [r<p+1 | €<k]g is continuous on C' iff £<p € b{w<py1}.
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[z]g

bootstrap

[CIJo]g + [$0,$ ’ $—£Ijo]g

\ 7
~~

(xo,x1 | x — xolg + [z1,7 | x — z1][T0, 0 | T — 209
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[z]g =

bootstrap

[Io]g + [CC(),QS ‘ Qf—xo]g

\ 7
"~

(xo,x1 | * — xolg + [T1,2 | x — z1][T0,0 | T — 209

(Plg)(x) + lw(bxhx |5I7_330a513—=’131]gj
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bootstrap

[z]g = [zolg + [xo,2 | ® — 09

\ 4
~~

[0, 21 | x — xolg + [x1,2 | x — x1][x0,® | T — 209

== (Prg)(x) + \[330,551755 | © — 20,7 — 56‘1]9/

[x0, 1,22 | . — 2o, T — x1]9 +

+ [x9, x| © — x3][x0, 1,0 | T — 20, — 21]9
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bootstrap

[zlg = [wolg + [0, 2 |z —wo]g

7

"~

(0,21 | ¢ — 209 + [x1,2 | x — x1][T0,0 | T — 0]9

— (Prg)(x) + Il‘o,xl,x | — 0,7 — 551}9/

-~

[xo, x1, 22 | . — xo, Tz — x1]9 +

+ [x2,z | x — w2][x0, 21,0 | T — 20, — 1]9

= (Pyg)(x) + [0, 21,72, 2 | & — 20,2 — X1, 7 — X2]g

Leads to Micchelli’78 formulation of Kergin’78 interpolation:
k
[x]g = ( Pkg Ziﬁo,...,ai'j |33—330,...,:E—xj_1]g) -+
7=0

—|—[xo,...,a:k,x|x—x0,...,x—xk]g

e P is a linear projector onto II<y, with

o (ker P,)* = span{p — f[z] ¢(D)p : g€y |, X C T}

19



Chung-Yao’77 interpolation
IH a generic d + k-subset of IT; (R%)\ITo(R%)

He(y)

matches g on

with 7 the unique site satisfying

h(tg)=0 <= heH.

18



error for £ =0

k =0 implies #lH = d, so {7} :=NH, h(z) =hi(x —7) = Dy_,h.

For h € H, choose &, so that
th(fh) =0 <= A # h. h

Then (&, : h € H) is a basis for R%, and

therefore

I3

g(x) — Pug(z) = g(v) —g(7) = [r,2 |z — T]g = N 7,2 | Enlg

17



error for £ =0
k =0 implies #lH = d, so {7} :=NH, h(z) =hi(x —7) = Dy_;h.
For h € H, choose &, so that

h/T<€h) =0 <= h' 75 h. h

oy

Then (&, : h € H) is a basis for R, and T

therefore

9(e) = Pugla) = 9(o) = (r) = [rca | o = 7lo = Y- 2o il

heH 'K

o)~ Pug) = 3 (TI o) lre €l \/

16



error for k=1
H :=HU{r}.

o) = Puge) = 3 (] iess) Ine €l
)

Ke( M) hek

= Z (Hh?((g;))[ﬂTK’ﬁK]g

Ke(d“fl) hgK

the last equality holding for x = 7, K € ( dﬂ_{l), hence

— Purg(x) = hz) T, TK, X T —T
g(x) — Pprg(o) KE%:H )<h1;< hT(éK)> T 7K, 7 | €K, K19

d—1

15



error for k=1

H :=HU{h}.

0@~ Pug@) = 5 (T1 L) fr e | xclg

KG(dH—{l) <th hT(fK)

= Z (H h?é‘g{Q 7,7k | ]9

the last equality holding for z = 7, K € ( dﬂjl), hence

— rg\xr) — h(aj> T, TK, X K —TK
g(z) — Prrg(x) quni)<hl;!{hT(€K>>[’ x| €k, lg

5 h(x
d* terms??? r— T = Z ( H - ((&3/)) Exer

Ko (KUNY) he(KUTRP\K! T

14



Error in Chung-Yao interpolation

g(x) = Pug(z) = > px(@) [Tx,z |k, .., éklg

Ke(4) kst div.dif.
d=2 k=2
h(z)
pr(x) = ]] :
heH\ K 1(€x)
Tr :=TnN(NK) U

0#£¢k || NK:={zeR?: hiz)=0 YVhe K }

l.e.,

hi(x) =0 <= hekK

The case k = 1 (in different notation and shorter proof) is due to Waldron’98§,

13



g(x) —

Error in Chung-Yao interpolation

Png Z pK TK,QT‘SK,,fK]g

7

KG( ") k-+1st div.dif.

pr(z) = ]] il

heH\K hi(€x)

Tx =T N (NK) 1]

04£¢x || NK:={zeR?: h(z)=0 Yhe K}

ie.,

hT(fK):O <~ hekK

The case k = 1 (in different notation and shorter proof) is due to Waldron’98.

o irpx =0, for all K € (dﬂ_{l) (since ) £ KN H, for all H € (]I;))
e biorthogonality: K # K/ — Dlg;lpK/ =0

since DZ}” hgr b = (E+ D Lgk b (k)

12



Induction on k

Assuming
9(x) — Prug(x) = Z pr(2) [Tk, 2 | €y - -+, EK]g
Ke(,M)

to hold for any IH with #IH = k + d, let A’ be such that I := HU A/ :=
IHU {h'} is in general position. Then the sites for IH’ not in T are

H
o K

pr(Truw) #0 <—= K #£K

hence, by induction hypothesis, for x € T := {TH H e (

g(x) = Puglx)= >, ]| 7

Kg( ) heH\ K T

and

/

)}

TK7TKUh’ ‘gKaagK]g

while the right side is a polynomial of degree < k + 1, hence

glx)-Pwg@)= 3 ]I 7

Ke( ) hEM\K hi (€

rj[\I(77_I(Uh’7aj ‘ gKa S 7€K7$_TKUh/]g

The proof is finished with the aid of a bivariate divided difference identity.

11



The Sauer-Xu error formula

Set-up:
o T CRY F=T<,(RY, (T, F) correct;

o (Tp,...,Tx) a(ny) partition of T such that (Up<;<;T;,II<;) is correct
<i< <
for all 7; =: T¢;

e P the linear projector with range Il<; and nullspace keror_, all j.

o 1 the (fundamental) Lagrange polynomial in II<; for 7 € T, i.e.,
EL‘?] (7'/) = 57-,7-/ for all 7/ € ng;

g(z) — (Prg)(x Z€ T) Z Co O, x| Ao, x — Tlg

TeTY oY ¢
with Yy =Tox -+ x Ty x {7},
k—1
= H ggj] (0541
j=0
A(og,...,05) = (01 —00,...,0; —0j_1).

Is it optimal, good, acceptable, true 777 Check it for £ = 0.

10



Proof by induction

Assume .
g(x) = (Pig)(x) = ) tz) Y colo.a|Ao,x—1lg
T€T; ocX; -
= ) MW@) Y cloylAo,z—1lg
TETj O'EZjﬂ-
=: G(z,9)

the last equality holding for any y at « € T<;, while G(e,y) € II<,;;. Hence
Glay) = Y & N@6y). (+)
T’ETj+1
Applying id — P;4; to the above equation g(x) — (P;g)(x) = G(z, z), we get:
9(@) = (Prag)(a) = Ga,2)— Y £M@)G(,7)

T/ETj+1
= > AH@)GE ) -G )
T'€T 1
(last equality by (x)), while
Gi(t'x)—G;(7',7") = [T x|z —7G(7',e)

= Y W) Y o lrale—7loe| Ao~ g

TETj O'EEJ',T
= E co 0, x| Ao’z — T']g
R



What to hope for in an error formula

Set-up:
e T CF FcCIIFY), (T, F) correct.
e [P := Pr p the linear projector with ran P = F', ker P = ker dr.

e Hope for

9(x) - = b(x)(Irg) (x

beB

with B a suitable finite set, and I a linear operator depending on b.



What to hope for in an error formula

Set-up:
e TCF FcCILFY), (T, F) correct.
e P := Pt p the linear projector with ran P = F', ker P = ker 0.

e Hope for

g(x) - = b(x)(Irg) (w

beB

with B a suitable finite set, and [, a linear operator depending on b.

e Pisanideal projector, in that ker P = ker 01 is an ideal, i.e., a linear space

of polynomials that is also closed under (pointwise) multiplication. Therefore,

e B must be a basis for the ideal ker P; hope for a "good” basis; unfortu-

nately, representations in terms of any basis are not unique.

e MNpcp ker I, must equal F'.



What to hope for in an error formula

Set-up:
e TCF FcIIFY), (T, F) correct.
e P := Pt p the linear projector with ran P = F', ker P = ker 0.

e Hope for

g(x) — = b(x)(Irg) (w

beB

with B a suitable finite set, and [, a linear operator depending on b.

e P isanideal projector, in that ker P = ker 1 is an ideal, i.e., a linear space

of polynomials that is also closed under (pointwise) multiplication. Therefore,

e B must be a basis for the ideal ker P; hope for a "good” basis; unfortu-

nately, representations in terms of any basis are not unique.
e MNpcp ker I, must equal F'.

e Hope for I}, of the form Cyqy (D), with Cj linear maps and ¢, homogeneous

polynomials.



What to hope for in an error formula
e P the linear projector with range F' and nullspace ker o.

e Hope for

g(x) — =) b(x)(Coge(D)g)()

beB
with B a (minimal) basis for the ideal ker 1, C} linear maps, and ¢, homo-

geneous polynomials, so that F' = Nyep ker gy (D).



What to hope for in an error formula
e P the linear projector with range F' and nullspace ker o.

e Hope for

g9(x) — = > b(z)(Cogs(D)g)()

beB
with B a (minimal) basis for the ideal ker d1, C} linear maps, and g, homo-

geneous polynomials, so that F©' = Npep ker gp(D).

e Error formula for Chung-Yao interpolation:

g(x) = Pug(z) = Y pxlo TK,$|§K,--->€K]Q
Ke(d—l) kst div.dif.

not only lives up to all these hopes, but even has biorthogonality: ¢,(D)b’ =0
for b’ € B\{b}.
e Sauer-Xu formula
g(x) — (Prg)(x ZE x) Z Co O, | Ao, x — Tlg
TeT) ocy -

777



least interpolation

Set-up:

e T CTF¢ arbitrary, finite, choose F' as

It := }lbim Exp,r, Expy :=span{e,: o € %},

—0

with

ey x — e’”,

Then (T, F) is correct; in fact,
deg Pg < deg g, q €11,

and

F = ﬂ ker p1(D),
peB

with B any basis for the ideal ker .

e crror formula???



example: bivariate tensor product

Pr = Q®R
id - QR = ((d-Q)®R+Q®(id—R)+ (id - Q) ® (id — R)
Dy D3 Dy D,

ker 6t = ideal(%, )

g(2) — Q@ R)glx) = (x) / M, (o| T, 2) 1 (D)g

- / My(o|T, ) o1(D)g



A counterexample (B. Mof83ner, U. Reif)
Set-up:

e Consider bicubic tensor product interpolation as the mesh coalesces
at the origin, ie., I' = Ill<33) C II(R?), P with ranP = F and ker P =
Nger ker dpq(D).

e This is still an ideal projector, as ker P = ideal(z%, y%).

e But an error formula involving only the pure derivatives D}g and D3g

cannot hold.

Example

o fm(x,y) :=may>(1 —exp(—m(xz* +9?))), m =1,2,...is in ker P, and
lim,,, oo | frn (2, )| = 00 for every xy # 0;

o f(z,y) = m(zy)® — m(xy)? exp(—m(z? + y?)), hence D} f,, and D3 f,,
have the factor mexp(—m(2? + y?)), keeping them bounded.
Precisely, D{ fo,(2,y) = g(x/m,y/m) with

g(u,v) := 4uv® exp(—u? — v?)(—30 + 75u* — 36u* + 4u°)

bounded in absolute value on R* by 11, and, by symmetry, D3 f,(x,y) =

g9(yv/m, zy/m).



FINIS



standard pairing: Ao x I : (g,p) = (g,p) := >_, g(a)alp(a) = p(D)g(0)

[BR91-92] HT = ﬂp‘T:0 ker]_)T (D)

Proof:

p\T:O

A

Exp(T) L p

It L py (9,p) =0 = (g1,p1) =0
V{g € Uz} p1(D)g(0) =0

V{g € lIr}v{a} p1(D)D%g(0) =0

V{g € It} p1(D)g =0



standard pairing: Ao x IL: (g,p) — (g,p) := >_, g(a)alp(a) = p(D)g(0)
[BR91-92] HT — ﬂp‘T:O kerg_?T (D) —: K.

Proof:
plr=0 = Exp(T) Lp
— It L py (9,9)=0 = (g,,p1)=0
= V{g €t} p1(D)g(0) =0
—— V{g - HT}V{OJ} ﬁT (D)Dag<0> = 0
— V{gelr}pi(D)g=0
Hence IIT C K.

dimIlr <oco = k:=max{degf: fellp} <
= Wla|=k+1} (0% = Pr()%)y = 0"
— K C Na|=k+1 ker D% =1l C II
Hence, g € K implies that I 5 p := g — Prg € K C kerp;(D), ie.,
p1(D)p =0, hence p =0, so g € Ilt.



