Twin problems in Approximation and Algebraic
geometry.

Quintuplets: Linear algebra, PDEs, Commutative
algebra
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Approximation theory (AT)
A projector Pon C[x] = C[Xq,...,Xq]is a linear
idempotent operator P : C[x] - CI[X]
ran P & kerP = C[X]

Let G =ran P < C[x]be N-dimensional and g = {91,...,9n}
be a basis for G.

C'[X] =Hom¢ (C[x],C) is the algebraic dual of C[x].
N
Any projector Ponto G: P = Z)Lk ® Ok

k=1
Pf = > LMk, 2(f) = A (Pf), Vf € C[X]
Ak € C'[x], Ak(9j) = 0

A =span {1+ =ranP* = (kerP)* < C'[X]



IN
P=> A ® g
k=1
A =span {1} =ranP* = (kerP)* < C'[X]

A is correct for G if the interpolation problem : find
geG:Af) = AQ),VA € A

has a unique solution for every f € C[X].

If Ais correct for G, then A defines a projector P onto G by
letting Pf=g: solution of interpolation problem for f.

1) Projectors P onto G
2) Subspaces J < C[x] that complement G:
G & J=C[X]

3) Subspaces A — C'[x]that are correct for G



Five Examples: G=span {1,x,y}

P=11®01+4, ®0> + 43 ® 03
Tf = f(0)1 + (D«f)(0)x + (Dyf)(0)y
P.f =f(0)1 + (D«H)(0)x + ((Dy + 5 DON(0)y
Rf = f(0)1 + (D«F)(0)x + ((Dy + %D?,)f)(O)y
Lf = f(0)(1—-x-y)+1f(1,0)x + f(0,1)y

Hf = f(0)(1 —y) + (DxH)(0)(x —y) +f(1,1)(y)

At = 480,60 © Dy, 80 o Dy}

Ap. = {80,080 ° Dx, 8¢ o (;Df +2Dy)}
Ar = {80, 80 © Dy, 30 o (LD + 2Dy )}
AL = {60,00,1),01,0))

Ay = {00,060 © Dx,0(1.1)

Jr = {f 1 1(0) = (D«)(0) = (Dyf)(0) = 0}

Jp, = {f : f(0) = (D«)(0) = (Dy + 2 D{)f(0) = O}
Jr = {f : f(0) = (DxH)(0) = (Dy + 5 D7)f(0) = 0}
JL = {f : f(0) = f(1,0) = f(0,1) = O}

Jn = {f 1 f(0) = (DxF)(0) = f(1,1) = O}



Definition (G. Birkhoff) A projector is called ideal if
kerPis and ideal in C[x].

'V is the family of all ideal projectors onto G:

Lagrange (interpolation) projectors and Taylor
projectors are ideal projectors

Taylor projector: T : anx“ — ZI - CaX®
o=

kerT = Co X
Z|0t|>n
Lagrange (interpolating) projector at sites: z1,...,zy € C¢

(PH)(zj) = 1(z)), Vi € C[X]
kerP = {f € C[x] : f(z0) =,...,=f(zy) = 0}
In one variable (d=1) ideal projectors are the Hermite
interpolation projectors.



A =span {1} =ranP* = (kerP)* < C'[X]
What A define an ideal projector onto G?

Duality
Cg 2 (Aa)geze ~ f = D aax* € C[X]

C'[X] ~ C* = {(Ca)gezs)
(Co) ~ A € C'[X]

A(f) = Coda

A6 =Y Weleaa  A(F) = D (a))Coda



Duality (DE)
A(F) =) (a!)Caq
C'[x] ~ CIX]] = {4 = D cax®} (L

algebra,
module

C'[x] = C[[x]], C[x]
pi @ CIx] - C[x], pi(A) =Xi -4
Di : C[[x]] - C[[X]]

Did(f) = A(x; - ) (ux;)* = D




C'X] ~ C[X]] = {4 = Y Cax®)

() = 9 j 100fe0e M dv = 74 > j CaXoF(x)e X’ dV

A(f) = (ADy,...,Dy))(0)

A

(x° +3y? + 1)(f) = (Dif + 3D{f + )(0)

5.(F) = f(2) = €)(F)



C'X] ~ C[X]] = {4 = Y Cax®)

Did(f) = Axi B |(ux)* = D

Theorem (Macauley) J < C[x] is an ideal iff
Jt = {1 e C[[X]] :A() =0,Vf e I}

IS D-invariant, i.e.,
Aelt=>Dreldti=1,...,d

(DE): D-invariant subspaces are solutions of homogeneous
systems of PDEs with constant coefficients

N
Theorem: P = Z}Lk ® gy is an ideal projector iff A = (kerP)*
Is D-invariant. k=1

(AT) Ideal projectors onto G
(DE) D-invariant subspaces correct for G: %)¢



5 Examples: G=span {1,x,y}

P=11®01+42,®02+ 13 ® Q03

Tf = f(0)1 + (DxF)(0)x + (Dy)(0)y At = sp {1, x,y}
P.f =1(0)1+ (D«H)(0)x + ((Dy + 3DONO)Y Ap, = sp {1, X,y + >x*}

R = TO)T T DR Opmmklct LDINO)y A = SP {LX,y+2y2}
Lf = f(0)(1—-x-y)+f(1,0)x +f(0,1)y AL = sp{l,e*,eY}
HE = f(0)(1 - y) + (DHO)x ) + F(L, 1)) An = Sp {1, XV}



Commutative algebra (CA)

studies ideals J < C[X] and associated affine varieties:
ZJ) = {z C® : f(z2) = 0,Vf € J>

G & kerP = C[x] J=kerP & G & J = C[X]

In the language of CA, G spans the finite-dimensional

algebra G = A = C[x]J

The set of all ideals Jwith G ~ A =C[x]J isJc
Z(J) is the set of interpolation points (sites) for P

#2(J) < dimG = codim J =colength J =. dimC|x]/J

Jt = A =Hom¢ (A, C) dualizing module of A. The D-
invariance gives it a structure of a module over A:

(ad)(b) = A(ab),Va,b € A



(D. Hilbert): Every ideal J < C[x] is finitely generated:
J={(hy,....,hy) :fed o f=> fh
Je Je=>J=kerP=ran(I-P) = {f—Pf . f € C[x]}
Find f; : h; = f; — Pf; and you found P.

Is there a canonical way of determining nice generators?
P :C[x] - C,[x] = " —Px) = kerP

g = {01,..-,9n} basis for G Border basis:
Border of g : L. Robbiano,
og = {1, Xigx,1=1,..., d k=1,..., '

M. Kreuser,

B. Mourrain,
(AT) {Pf,f € 6g} determines P C. de Boor,

(CA) {f—Pf,f € og} is an (ideal) basis for J:=ker P




G < CI[x,y] spanned by: g = (1,X,y)
& Px? = do + boX + CoY,
G = y ag =y KXy Pxy = a; + byx +cyy,
1—X, 1 x [x? Py2 = do + ng + CoY.
kerP = (x? — Px?,xy — Pxy,y? — Py?)
Tf = f(0)1 + (DD (©O)x + (DyH)(Q)y At = sp{Lx.y) (DE)
P.f = f(0)1 + (DxF)(O)x + ((Dy + 2D2)H)(O)y Ap. = Sp{L X, 1x2 +y}

Lf = f(0)(1 —x —-y) + f(1,0)x + f(0,1)y

Hf = f(0)(1 —y) + (DxH)(0)(Xx — )

T : Tx? = T(xy) = Ty? = 0,

+f(1, ()

P, :P.x2 =y,P.(xy) = P.y2 =0,
L : Lx? = x,L(xy) = 0,Ly? =,

H:Hx? =Hxy =Hy? =y

AL = sp{l = e%,e*,eY}
Ay = sp{l,x,e*}
Jr = (X2,xy,y%)
Jp, = (X2 —y,xy,y?)
= (X2 =X, XY,y* =) (CA)
Ju = (X2, Xy,y* - y)



Linear Algebra (LA)

For an ideal projector P onto G define
(AT) Mp =(M; : G » G), Mig = P(xig),g € G

de

Boor

(CA) mp = (m; : C[x]A - C[x]A), m;[f] = [Xif]

Theorem: M is a cyclic sequence of commuting
operators: MiM; = M;M; and

g(M)go =g, Vg € G
go = P1 isa cyclic vector for M:

{H(M)go.T € Cx]} =G




Converse is also true!

Px2 = ag + boX + CoY, M &OX Y
1
Pxy = a; + bix +cCyy, Ma=1
Py = a; + boX + Cyy. Y |
_an al_ 0 a; a,
Mx: 1bo b1 Obl b2
0 ¢y C; 1 ¢4 cz_
000 |[ 000 |
100 00O
T : Tx? = T(xy) = Ty? =0, 000 LU
. 2 _ _ 2 _ B 1r N
P, 1 P.x%2 =y,P.(xy) = P.y? =0, 000 000
1 00 00O
010 1 00




(AP),(CA)=> (LA) P w» Mp = (My,....My)

(LA)9 (AP),(CA) L = (Ll,...,Ld)

is a cyclic sequence of d commuting NxN matrices

and v is a cyclic vector ¢ : C[x] - N H. Nakajima,
R ((BE  de Boor & B.S

kergp = J_ = {f € C[x] : f(L)v = 0> = {f € C[x] : f(L) = O}
is an ideal of colengh (codimension) N. If G @ J, = C[x

then
PL = (0,0) " de Boor & B.S

Is an ideal projectors onto G and

L ~ Mp, ZJL) = o(L)



4 Examples: G=span {1,x,y}

Tf = f(0)1 + (Dxf)(0)x + (Dyf)(0)y

P.f =f(0)1 + (Dxf)(0)x + ((Dy + %Di)f)(O)y
Lf = f(0)(1 —x-y) +f(1,0)x + f(0,1)y

Hf = (0)(1 —y) + (DxH)(0)(x —y) + (1, 1)(y)

Jr = (x2,xy,y*)
Jp, = (X2 —y,xy,y%)
Ju = X2 =XXY,¥2 =Y) | A = sp{l = €%, e*, eV}
Jn = (x2,xy,y? —y) Ay = sp{l,x,e*}

At = sp{l,x,y}
Ap, = sp{l,x,%xz + Y}

000 || 000 | ) 1l ooo |
My 100 000 M, 1 000
000 100 101
000 || 000 ) o |[ ooo |
Mp. 10 0 00 0 M., o |,| 000
010 100 111




(LA) =>» (DE) A € A =ranP*
(MiA) (@) = AMi(@)) = A(P(Xig))
= (P*A)(Xig) = A(Xig) = A(1i9)

(ux;))* = Di| 2 Mf = Di|A

N
P=> A ® g
=1

A1
AZZbkﬂkaDiﬂ,ZMr( b]_ bN)
AN

The rules of differentiation on A define A!



Algebraic geometry (AG)

Can | define an ideal projector P by
Px? =ag + box + Coy,
Pxy = a; + byx +cyy,
Py? = a, + box + CyY.
with any  (ag,a1,az,bo,b1,b2,¢0,C1,¢2) € C??
Does the ideal

(X? = Po, Xy — P1,Y* — P2)
complement G with any linear polynomials Po,P1,P2 ?

In other words, for what (g, € G,b € 0g)
J = <b_gb e G,b e 69) e Jg7?



Px? = ag + box + cpY, M 1 X

Pxy = a; + byx +cyy, M=t
Py2 = dp + ng + CoY. Y )
B 0 do Ay N 0 d; dj
My =] 1 by by My =| 0 by b
0 ¢cg Cy L 1 ¢ c :

0 agb; —a;bg +a;ci —ascy aob, —a;b; +asco —ascy
MXMy — Mny = 0 a; +bicy —bycy —b% + Coby +ay + bghby, —bscy

0 c2—boCs —ag +bico—CoCy b,Co — byCy — ay

g(M)go =9, Vg e G /

dog = —boCl + C% + b1C0 — CoCo,
a; = baco —bycy,
dy = b% — C2b1 — b0b2 + b2C1.




0 agb; —a;bg +a;cy —ascy apb, —a;b; +asc, —ascy
MxMy — Mny = 0 a; +bicy —bycy —b% + Coby +as + bgby, —bscy

0 c2—boC; —ag +biCo—CoCy b,co —bic; —ay

apoby —ajbg +aic; —ascyp =0

a; +bici —bocg =0

cZ —boCy —ag +b1Co—CoCy =0
aob, —aib; +aico —a,c; =0
—b? + cyby +ay +bghy —hycy =0

szo — b1C1 —a; =0

By = {(ag,a1,a,,bg,b1,b2,¢0,c1,c5) € C? :

The border scheme




The/border scheme

X if X; G
Migk = < Ok Ik <

N pxigk If X|gk % G

The coefficients of polynomials Px,g, that satisfy a system of
polynomial equations:

MiM; = M;M;

gM)go =9, Vg € G
is called a border scheme.
A projector P € Bs (ideal, D-invariant space, cyclic
sequence of commuting matrices) is identified with a
point P € By

By parametrizes Pg (Jo,Ac)



Tf = f(0)1 + (Dxf)(0)x + (Dyf)(0)y

P.f =f(0)1 + (Dxf)(0)x + ((Dy + %Di)f)(O)y
Lf = f(0)(1 —x-y) +f(1,0)x + f(0,1)y

Hf = (0)(1 —y) + (DxH)(0)(x —y) + (1, 1)(y)

4 Examples: G=span {1,x,y}

T :Tx? = T(xy) = Ty?> =0,

P* : P*X2 — y,P*(XY) — P*y2 = O’
L : Lx? = x,L(xy) = 0,Ly? =y,

H:Hx? =Hxy =Hy? =y

At = sp{L Xy}

Ap, = sp{L,x,>X? +y}
AL = sp{l = €% eX eV}
Ap = sp{l,x,e*¥}

Jr = (X%, xy,y%)

Jp. = (X* —y,Xy,y%)
Ju = X2 =X, Xy,y* —y)
Jn = (X2, xy,y° —y)

T ~ (0,0,0,0,0,0,0,0,0,) € Be
L ~ (0,1,0,0,0,0,0,0,1,) € Pg
P. ~(0,0,1,0,0,0,0,0,0,) € Be
H ~ (0,0,1,0,0,1,0,0,1,) € Pe

Ly =

000
100

000
000 |
100

000
000

010

100
000
000

100

S .
L. = 11
00 101
(000 |[ 000
La=|] 100 000
011




(AT)
(DE)
(LA)
(CA)
(AG)
(AG)

Topology
B, parameterizes Pg (Jo,Ac, Lc)

P(t) > P & P(t)f - Pf, Vf € C[X]
Al) > A & VA € AIAWM) € A) : AD)f > Af

L) - L de Boor&B.S.

b—P(t)b - b—P(t)b, Vb € dg
P(t) - P as points in By < CX
P(t) - P as points in By In Zarisski topology




The border scheme

Theorem (J. Fogarty):
Forany G < C[X,Y] the border scheme is

1) Irreducible

2) Of dimension 2xN=dxN
3) Smooth

4) Connected




Irreducibility
J € Jcis radical if
fMel=fel (CA)

#Z2(J) = dimG, Z(J) = {z1,...,Zy}
P is Lagrange interpolating at Z(J) (AT)
A = span{es™} (DE)
L = (Ly,...,Lq) are simulteneously diagonalizable (LA)
Lf = f(0)(1 —x —y) +f(1,0)x + f(0,1)y |A_ = sp{l = e0,eX eY}

Jo = X2 =x,xy,y?—-y), |L~(0,1,0,0,0,0,0,0,1,) € Pg

000 || 000 000 || 000
L=|| 1120 || o000 ~s| | o10 || 000 | |s
000 101 000 00 1




Irreducibility

A variety is irreducible if it is not a union of two of its proper

subvarieties.
L, =4)e By :Jisradical;} < B,
has a rational parameterization. n
The closure of [:g :7‘(g is irreducible, i.e., not a union of
two proper subvarieties, of dimension dxN.

__ [°C
Bg is irreducible (—-)B‘g = H,

[,g IS a subvariety, Zarisski closed.

P e H, arecalledHermite.



Jis radical

P Is Lagrange interpolating at Z(J)

A = span{ei™*}

L =(Lq,..., L4) are simulteneously diagonalizable

Pel, P(t) - P < P(Of - Pf, Vf € C[X]

A(t) > A & VA e AJA®M) € AQ) : A(H)f > Af
b—-P(t)b - b—P(t)b, Vb € dyg

Mpwry — Mp

P(t) - P as points in By < CX

P(t) —» P as points in By in Zarisski topology

Je H,
P € Pg Is a limit of Lagrange projectors
A € Dg Is a limit of pure exponentials

L £ : approximable by diagonalizables



Irreducibility ﬂ ]
Theorem: Bgisirreducibl iff slipeciie
(AG)Bg — Hg W

(AP) Every P € Pg Is a limit of Lagrange projector,

(DE) Every A € Dg Is a limit of pure exponentials .

(LA) Every L £ : approximable by diagonalizables

and irreducible = dimBy = d x dimG Motzkin&

Fogarty =2 True for d=2 ... Tausski
false for some G if d>2. M.Gerstenhaber

(AP) answers a question of de Boor :
, £ | of R. Guralnick
(DE) aswers a question of Lefranc De Boor&B.S.

(LA) answers a question of Guralnic



Smoothness

dim(Tr(By)) = dim(By)e

dim(T,(Bg)) =
dimHom,,(J, C[x]AJ)

Miller&Sturmfels

S EHOm@[X] J,C[x]J) =

S(thy +gh2) = [f][Sha] + [g][Shz]



T : C[x,y,z] »span<1,x,y,z}
J = {X?,XY,y?,yz,2%, Xz}
Clx,y,zJd =span {[1], [x], [y], [z]}

[u]=0 for all monomials u of degree >1

Sx? = ag[1] + bo[X] + Co[y] + do[Z]
SXy = ai[1] + b1 [X] +c1[y] + dq[Z]

S(thy +gh2) = [f][Sh1] + [g][Sh;]

S(yx?) = [yl(Sx*) = [y](ao[1] + bo[x] + Co[y] + do[z]) = @[]
S(yx?) = [x](Sxy) = [x](@s[1] + b1[x] +ci[y] + di[z]) = ay[X]
ag =0,a; =0,... b-s, c-s, and d-s are arbitrary

dim(T;(B,)) =6x3 =18 > 12 = d x dimG

B 4 is not smooth for d>2!!




Emsalem&larrobino

P : C|x,y,z,w] »span <{1,X,Y,Z,W,Xz,Yyz,yW}
Pxw=yzZPu=0ug G J=Xw-yz,u ¢ G)

1 X 'y zZ W XZ yz yw

X2 02, 0 0 0 % % %
y> 0 0 2a, 0 0 % % %
z2 0 0 0 2a3 0 % % %
w2 0 0 0 0 2a; % % %
XY 0 a; a 0 0 % % %
2w 0 0 0 az a3 % % %
xw—-yz 0 as az a; a % % %

dim(T;(B,)) = dimHomcpxg (J, C[x]A) = 25 < d x dimG = 32



Pxw =yz,Pu=0,u ¢ G
— C
Pe ;P ¢ H,

P is not Hermite!!

Cartwright, Dustin A., Daniel Erman, Mauricio Velasco,

Bianca Viray

BB . consists of precisely two irreducible components
g
A =D{A1, A2, 23 (L,X,Y,Z,W)A;(L,X,y,z,w)' = A

0 A -A
detf -A; 0 Aj + 0
A, -As; O




d=3 C[x,y,1Z]

No known explicit examples of non-Hermite projectors.

No explicit examples of three commuting matrices that are
not approximable by diagonalizables.

Existance of non-Hermite projectors known for dimG > 101.

Every ideal projector onto G with dimG <9 is Hermite.

What is the least dimension of G that admits a non-Hermite

There exist three 30x30 matrices that are not approximable
oy diagonalizables.  [RCNESLTTN
No such 8x8 matrices. m

What is the least size of such matrices?




P : C[X,y, Z] - C[X1y1 Z]SZ

Px3 = yz,Py® = xz,Pz3 = xy,Pu = 0 is not Hermite.
Problem in (AT) Finally

x = Im(g3ze" — g235;e"#),uz,u; - 0

%XZ +y = lim(a (t)e 1 Ox+vay 4 g, (t)eu2®xV2(ly 4 g, (1)gUs®x+va®y)
4 4 4 B F 11 . (OXHVi (DVHWi (t
X*+yt + 2% +xyz = Im(_ - & (t)eUiOx+viy+wjz)

= lim(ay (1) + 307 ay(DetsO O



Theorem: Every polynomial
p(X,y,2) = |im(Zjl\ll a; (t) UiV Oy+wihe)
for some U (t), vj(t),w;(t) - 0, N = dimD(p)

An ideal J is Gorenstein if A = D(p) iff |_*is cyclic iff
L* ~ L

P, : P.x? =y,P.(xy) = P.y? =0

Ap, = span{l,x, >X* + Yy}
p(X,y) = 3X* +y

000 || 000 |
Le.=| | 1200 || 000
010 100




Theorem: in three variables Bgor - Bg is irreducible.

D. Buchsbaum & D. Eisenbud,

S. Diesel...

1 (y4 o y4 o 4 i 11 XV Dyt
Tyt +2%) +xyz = im(3_ a; (t)eliWxviOyw;vz

= lim(ay (1) + 251 aj(Deti@iyiz)



P : C[X,y, Z] - C[X1y1 Z]SZ

Px3 = yz,Py? = xz,Pz® = xy,Pu = 0
+(x* +y* +2%) +xyz = lim(ag (t) + Zjlzol a; (t)eliOxviyw;z)

X3 +yz = MY 7 (aj(bu;(t))eu i iywivzy
y® +xz = Im(3.7 (8 (Dv; ()i viyie)
28+ xy = Im(3.5 (@ (w; (D) ity ir)

A = lImA(t) € Pure exponentials Dustin
Cartwright

Px3 = aiXy + axXz + azyz + asX? + asy? + agz?

Py3 = byXy + byoxz + bayz + byx? + bsy? + bgz?

Pz® = C1XYy + CoXZ + C3YZ + C4X? + Csy* + Coz® [ EFNToOHE I
Pu=0




Is By connected? L. Robbiano,

M. Kreuser,

Po,P1 € Pg,3P(t) € P : P(0) = Po,P(1) = P
Lo, Ly € £c,3L() € £ : L(0) = Lo, L(1) = L
Ao, Aq € A(;,HA(t) € Ag A(O) = Ao,A(l) =P,

If degG < degog then yes.
X% € dg, Px® =Y _c(B)x”,c(B) € By

P = T eB (0, B < B,
P.x* = > c(B)e*PxP

Pox = 20y 6B Pox* =3 c@oxP  Tx* =0



Theorem: Hilbert scheme Hilby(C®) parametrizing the family
of all ideals of colength (codimension) N is connected.

Miller&Sturmfels

Po,P]_ S ‘BG,EIP(t) : P(O) = Po,P(l) = Pl, dim ran P(t) =N
Lo, L; € £c,3L(t) : L(0) = Lo, L(1) = Ly, L(t) = N x N
Ao, AL € Ag,JAM) 1 AD) = Ag, A(1) = Py, dimA(t) = N

P(t) ¢ Be



Thank You




