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Apstract
[ will introduce scattered data fitting problems on the sphere
and discuss their applications. I will define Bernstein-Bezier
polynomials and describe how spherical splines can solve the

problems.



Problem
Let S? be the unit sphere in R3. Suppose we are given a set
of scattered locations on S? along with real numbers associated
with these locations. The problem is to find a smooth function

interpolating or approximating these data.
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Figure 1: Cubic minimal energy spline interpolating apple data.



Geodesy

/

AV =0 inside, S?

V = f  on the surface of S?.

V(u) = 1= Jul [u] /S ) do.
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Figure 2: Minimal energy cubic spline interpolating geo-potential
boundary data.



Geometric surface design
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Figure 3: Minimal energy cubic interpolant of the point cloud.
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Food Science

us(v,t) — Au(v,t) =0 v € B(0) e Rt € (0,T]
u(v,0) = g(v) v € B1(0) € R?

u(v,t) = f(v) or Zu(v,t) = f(v) vES?

\

w*U(v) + H(v) = AU(v),v € By(0)

U(v)lgz = F(v) or £U(v)|g2 = F(v)



Spherical PDE

w(v,t) — A*u(v,t) =0 veS*te (0T

u(v,0) = f(v) v € S?

AU +w’U=F



Spherical Bernstein-Bezier splines

B d!

k(v) = i!j!k!bl(v) ba(v)'bs(v)", i+ 7+ k =d,

_ d
b= E Cz’jsz'jk;a
i+j+k=d

SHA) = {s: 5|, € H{(S*)} N C"(S?



Global methods

Minimal energy interpolation

[y={seSA):s(v) = f(v),Yv eV}

E(f) = / S (Do)

2
57 |al=2

E(S¢) = minger,E(s).

Discrete least squares splines



Penalized least square fitting

7)/\(8) = ,C(S) + )\55(8),

Pr(Sy) = mingegra)Pa(s).

Linear systems

A LT c g

L O A h

1 1
(A + -L'L)c™Y = Agel” + ~L™h
€ €



Interpolation
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Figure 5: Coefficients of a cubic BB-polynomial.

c300 = [ (U1>
coz0 = f (Uz)
coo3 = f (03)

Ic

[
™



Smoothness conditions

i
dz’jk: E Cr,j+s,k+tBrst<U4>

r+s+t=t
i=0,..,7and 0 < j,k < d with i+ j+ k = d (cf.[Alfeld,
Neamtu, Schumaker, '96]). Thus a spline s € S;*(A) belongs

to Sh(A) if and only if

Figure 6: C'! smoothness conditions.

Sc=0.



Energy matrix

s = [, Y0 (Do)

|or|=2

Minimize &(c), subject to Sc = 0 and Ic = F.

Eli.j] = [ 3 (D"B)(DB)).
S

2
=2

E[i,j]:== ) /T (D“B;)(D“B;).

|af=2



Differentiation

(%

po(v) = p(m) = [v]~“p(v)

Dijpolsz = (=d)(0ij — (d+2)(v, ei)(v, e;))p(v)

+ (=d)(pi(v){v, ¢j) +p;(v)(v, €:)) + pij(v)

(o) = ble) Viplo Viplv): = o -p(v)

7

82

pij(v) = b(e;) Hyp(v)b(e;) Hyp(v)ij = 6?bi(9bjp<v)




Integration

N,

ds =
TN YT

L N
/Tf (v)ds = / Mo Ty

1 p1-04
/T (v')ds’ = 247 / / g(B,, bb)db,
1— b’ ’
/ / / /
/ f(v) 3—2AT/\N\// F(0L,0)) ’/N’db b,

E I’ S C F

S 00| |n 0




Theorem 1. Suppose S)(A) is a spline space defined on a
B-quasi-uniform triangulation A with |A| <1 and d > 3r + 2.
There exists a constant C' depending only on d and (3, such that

the energy interpolant Sy minimizing & satisfies

1f = Sillses? < CIA%|| flones?

for all f € C*(S?).



Theorem 2. Let A be a #-quasi-uniform triangulation of the
sphere S? whose vertices form a subset of the data sites V and
Al < 1. Let N be the number of triangles in A. Suppose
that the data locations V' have the property that for every s €
SiH(A) and every 7 € A, there exist a positive constant F,
independent of s and 7, such that

Filsllocr < (D s(0)?)'2. (1)

vNr

Let I5 be the largest number of data sites in a triangle 7 € A.
That is, we have

(D 5))"? < Blslloc.r- (2)

VNr

For d > 3r + 2 let s) ¢ be the spline minimizing Py. Then
17 = sapllse < CIAI™ | flsr gz + AC'VN

for every function f in W™T1(S?). Here m is between 0
and d with (d —m) mod 2 = 0. The constant C' depends on

d, 3, F1, Fy, and C" depends on d, 3, F1, Fy, f and |A].
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