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OUTLINE

Parametric patches
Toric patches
Properties:
injectivity of toric patches
toric deformations
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BÉZIER CURVES

BERNSTEIN POLYNOMIALS
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PARAMETRIC DEFINITION

F (t) :=
n∑

i=0

Bn
i (t)bi , t ∈ [0,1]

where b0,b1, . . . ,bn are (control) points in some affine space.

LUIS GARCÍA-PUENTE (SHSU) GEOMETRIC PROPERTIES OF TORIC PATCHES TOWSON UNIVERSITY 3 / 23



PROPERTIES OF BÉZIER CURVES

LINEAR PRECISION
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∆ = [0,1] is the convex hull of A.
The Bernstein polynomials are indexed by A and have domain ∆.
Linear precision means F (t) is the identity on ∆ when bi = i

n .
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(CONTROL POINT) PATCH SCHEMES

Let A ⊂ Rd (e.g. d = 2) be a finite index set with convex hull ∆.

β := {βa : ∆→ R≥0 | a ∈ A}, basis functions with 1 =
∑

a βa(x).

Given control points B = {ba | a ∈ A} ⊂ R` (e.g. ` = 3), get a map

F : ∆ −→ R` x 7−→
∑

βa(x)ba

The image of F is a patch with shape ∆. Call (β,A) a patch scheme.

Here, weights have been absorved into the basis functions.
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BÉZIER RECTANGLES

Examples

Rectangular Lattices
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REGULAR CONTROL POLYTOPE

Let B = {ba | a ∈ A} ⊂ R` be control points indexed by A ⊂ Rd with
d ≤ `. Given a regular triangulation T = {A1, . . . ,Am} of A. Define the
regular control polytope B(T ) as the union of the simplices
conv{ba | a ∈ Ai}.
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BÉZIER SURFACE DEFORMATIONS

THEOREM (CRACIUN-G-SOTTILE)

Let A ⊂ Rd , w ∈ RA>, B ⊂ R` and T a r. t. of A induced by λ. For each
t > 0, let Ft be the toric patch

(
tλ(a)wa,A

)
. Then, for any ε > 0 ∃ t0

such that if t > t0, the image Ft (∆) lies within ε of B(T ).
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Definition 4.7. Let B = {ba | a ∈ A} ⊂ Rd be a collection of control points indexed by
a finite set of exponents A ⊂ Rd with d ≤ n. Given a regular triangulation T = {Ai | i =
1, . . . , m} of A we define the control polytope as follows. For each d-simplex Ai in T , the
corresponding points of B span a (possibly degenerate) simplex

conv{ba | a ∈ Ai} .

The union of these simplices in Rn forms the regular control polytope B(T ) that is induced
by the regular triangulation T of A. This is a simplicial complex in Rn with vertices in B
that has the same combinatorial type as the triangulation T of A.

If the coordinate points (ea | a ∈ A) of RA are our control points (these are the vertices

of
A
), then the regular control polytope is just the geometric realization |T | of the

simplicial complex T , which is a subcomplex of the simplex
A
. In general, B(T ) is the

image of this geometric realization |T | ⊂ A
under the projection πB.

Example 4.8. Let A := 3 ∩Z2, the exponents for a cubic Bézier triangle. Here are the
three control polytopes corresponding to the last three regular triangulations of (4.6), all
with the same control points.

The reason that we introduce regular control polytopes is that they may be approximated
by toric Bézier patches.

Theorem 4.9. Let A ⊂ Rd, w ∈ RA
>, and B ⊂ Rn be exponents, weights, and control

points for a toric Bézier patch. Suppose that T is a regular triangulation of A induced by
a lifting function λ : A → R. For each t > 0, let Ft : ∆ → Rn be the toric Bézier patch of
shape A with control points B and weights tλ(a)wa. Then, for any ε > 0 there exists a t0
such that if t > t0, the image Ft(∆) lies within ε of the control polytope B(T ).

We illustrate Theorem 4.9 for the toric patch of Example 4.8. On the left below is
the toric Bézier triangle with the weights of Example 1.5. The second and third patches
are deformations of it corresponding to the lifting function inducing the leftmost control
polytope of Example 4.8. The values of t are 1, 5, and 100, as we move from left to right.
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